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J-Stability of immediately expanding rational maps in 
non-Archimedean dynamical systems 

LEE, Junghun 


Abstract. The aim of this paper is to show J-stability of immediately ex¬ 
panding rational maps over an algebraically closed, complete, and non-Archimedean 
field, which is an analogue of R. Mane, P. Sad, and D. Sullivan’s theorem of 
J-stability in complex dynamical systems. 


1. Introduction 

The theory of (discrete) dynamical systems investigates the iterations of a con¬ 
tinuous map from a topological space to itself. In the early twentieth century, P. 
Fatou and G. Julia developed the theory of complex dynamical systems. One of 
the most interesting topic in the theory of complex dynamical systems is the notion 
of the Fatou set and the Julia set because they are completely invariant under a 
given rational map so the dynamical systems on the Fatou set and the Julia set 
can be considered independently. Moreover, the Fatou set and the Julia set are the 
stable locus and the chaotic locus of the complex dynamical systems, respectively. 
See |Miln06] for more details on the theory of complex dynamical systems. 

In [MSS83 ], R. Mane, P. Sad, and D. Sullivan introduced the notion of J- 
stability of rational maps in the theory of complex dynamical systems. Roughly 
speaking, J-stability means that the dynamical systems on the Julia sets of two 
given rational maps are dynamically equivalent if those two rational maps are close 
enough. In the theory of complex dynamical systems, R. Mane, P. Sad, and D. 
Sullivan showed that a rational map is J-stable if it has a neighborhood in the set 
of rational maps on which the number of attracting cycles is constant. See IMSS831 
and [McMull94] for more details on J-stability in complex dynamical systems. 

The purpose of this paper is to introduce an analogue of R. Mane, P. Sad, and 
D. Sullivan’s theorem in non-Archimedean dynamical systems, which is a dynamics 
on the projective line over algebraically closed, complete, and non-Archimedean 
fields generated by a rational map over the same field. 

In the theory of non-Archimedean dynamical systems, the Fatou set is defined 
as the largest open set on which the iterations of a rational map is equicontinuous 
and the Julia set is defined as the complement of the Fatou set with respect to the 
projective line. Moreover, the Fatou set and the Julia set are completely invariant 


2010 Mathematics Subject Classification. Primary 37P40, Secondly 11S82. 
The author would like to thank to Professor Tomoki Kawahira. 


1 











2 


LEE, JUNGHUN 


under a given rational map so the dynamical systems on the Fatou set and the 
Julia set can be considered independently as in the theory of complex dynamical 
systems. We will briefly review a number of fundamental knowledge on the theory 
of non-Archimedean dynamical systems in Section 2. 

The theory of non-Archimedean dynamical systems was mainly developed by 
L-C. Hsia, R. Benedetto and J. Rivera-Letelier in the early twenty-first century. 
For instance, an analogue of Montel’s theorem in the theory of non-Archimedean 
dynamical systems, the existence of a polynomial map having a wandering domain 
and an analogue of the classification theorem of the Fatou component of the the¬ 
ory of complex dynamical systems in the theory of non-Archimedean dynamical 
systems were proved by L-C. Hsia in iHsOO] . R. Benedetto in [Ben02] . and J. 
Rivera-Letelier in |Riv03] . respectively. On the other hand, J. Kiwi and L-C. Hsia 
and J-Y. Briend showed that the Julia sets of some polynomial maps are topologi¬ 
cally conjugate to the symbolic dynamics in }Kiw06) and (BH12} . respectively. In 
particular, J. Kiwi showed in Kiw 06] that the dynamical systems of cubic polyno¬ 
mial maps on the completion of the field of formal Puiseux series is closely related 
to the structure of the parameter space of complex cubic polynomial near infinity. 

The main theorem of this paper will be stated in the end of this section. Let 
us begin with the definition of immediately expanding rational maps. 

Definition 1.1. Let K be an algebraically closed field with a complete and 
non-Archimedean norm | • | and / be a non-constant rational map 

over K. We say that the rational map / is immediately expanding if it satisfies the 
following properties: 

(1) The Julia set Jf of / is non-empty. 

(2) There exists a A > 1 such that for any 2 in Jf, we have 

\f\z)\ > A- 

Now we state the main theorem of this paper. 

Theorem 1.2. Let K be an algebraically closed field of characteristic zero with 
a complete and non-Archimedean norm and f : —> V l K be a rational map over 

K of degree d which is greater than 2. Suppose that f is immediately expanding 
and oo is not in the Julia set Jf of f. Then there exists a neighborhood U of f 
in the set IZd of rational maps of degree d such that for any g in U , there exists a 
homeomorphism h : Jf — >• J g such that for any z in Jf, we have 

ho f(z) = 30 / 1 ( 2 ). 

We say such a rational map / is J-stable in the set IZd of rational maps of 
degree d. In the statement of Theorem 11.21 the topology on the set of rational 
maps of degree d is induced from the 2d — 1 dimensional projective space over the 
same held. 

We remark that Theorem 11.21 holds for any topology on the set of rational 
maps of degree d if the topology satisfies a certain property, see Lemma 1X71 We 
also remark that the assumption that the infinity is not contained in the Fatou set 
is essential because of the existence of the Fatou set, see Proposition 12.51 

Contents of this paper. In Section 2, we will review fundamental knowledge 
such as the definitions of the projective line and the chordal metric and some 
properties of rational maps of non-Archimedean dynamical systems. 














J-STABILITY IN NON-ARCHIMEDEAN DYNAMICS 


3 


In Section 3, we will give the definitions of the set of rational maps preserving 
a given subset and the sequence of subsets generated by a given rational map. We 
will also see their properties as lemmas for the main theorem. 

In Section 4, we will prove the main theorem, Theorem II.21 


2. Preliminaries 


In this section, we will review some basic notions of non-Archimedean dynam¬ 
ical systems such as the definitions of projective line, the chordal metric, and the 
Julia set and some properties of rational maps. 

Let K be an algebraically closed field of characteristic zero with a complete, 
multiplicative, and non-Archimedean norm | • |. For instance, one can consider K 
as the field of p-adic complex numbers with its p-adic norm or the completion of 
the field of formal Puiseux series with its natural norm, see [RobOOj or [Kiw Ml 
Section 2.1]. Let us first see the definitions of the projective line over I\ and its 
chordal metric. 


Definition 2.1. The projective line over K is defined as the union of K 
and the set of infinity oo, that is, 

Pk := K U {oo}. 

Moreover, the chordal metric p on is defined as follows: For any z and w 


z — w\ 


p(z,w) := < 


max{l, |z|} • max{l, |Yi?|} 
1 


, max{l, |o|} 

Next let us recall the definition of rational maps. 


(z,w G K), 

(z G K, w = oo). 


Definition 2.2. Let d be a natural number. Then we say that / is a rational 
map over K of degree d if there exist two variables homogeneous polynomial maps 
/i and / 2 over I\ of degree d such that fi and / 2 has no common factors and / is 
determined by /} and / 2 . 

Thus, we can consider a rational map over K of degree d as the quotient of 
two polynomial maps, of which the maximal degree is d, over K with no common 
factors. We shall use IZd to denote the set of rational maps over K of degree d. One 
can easily check that the set of rational maps over K of degree d can be naturally 
identified with an open subset of 2d + 1 dimensional projective space over K , see 
]Silv071 Proposition 2.13 or Section 4.3] for more details. 

In the rest of this section, we will mainly consider properties of rational maps. 
We shall use B a , r to denote the closed ball in K centered at a with radius r, that 
is, 

B a ,r ■= {z £ K \ \z - a| < r}. 

Let us begin with topological properties such as continuity and openness of 
rational maps. 

Proposition 2.3. Let / : P}^ —> P}j- be a non-constant rational map over K. 
Then we have the followings: 
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(1) The rational map / is continuous and open with respect to the chordal 
metric p. 

(2) If / has no poles and zeros in B a , r , then we have 

I/Ml = |/M| 

for any z in B ar . 

Proof of Proposition See |Silv071 Corollary 5.17 and Theorem 5.13] 
for the proofs. □ 

Next, we recall the definitions of the Fatou set and the Julia set. We shall use 
f k to denote the k-th iteration of a given map / : Pk Fk, that is, 

/' :=/o/o...°/. 
k times 

Definition 2.4. Let / : P^ ->• be a non-constant rational map over K. 

(1) The Fatou set Tf of / is defined as the largest open set in P^ on which 
the family {f k }^L 0 of the iterations of / is equicontinous with respect to 
the chordal metric p. 

(2) The Julia set Jf of / is defined as the complement of the Fatou set with 
respect to the projective line P^-. 

The Fatou set and the Julia set have properties as follows: 

Proposition 2.5. Let / : P^- ->• be a non-constant rational map over K. 
Then we have the followings: 

(1) The Fatou set Tf of / is non-empty. 

(2) The Julia set Jf is completely invariant, that is, 

f(Jf) = Jf and r\j f ) = j f . 

(3) The Julia set Jf of / is equal to the Julia set J fk of f k for any k in N. 

(4) The Julia set Jf is equal to the topological closure of the backward orbit 
of any point in Jf , that is, for any z in Jf, we have 


jf = U /- fc (W)- 

fc=o 

Proof of Proposition r2~5l See |Silv071 Corollary 5.19] and [Silv071 Propo¬ 
sition 5.18 and Corollary 5.32] for the proofs. □ 

It is well-known that the Julia set is closely related to the set of repelling 
periodic points. Moreover, it will be useful in the proof of the main theorem. Let 
us first recall the definitions of periodic points and repelling periodic points. 

Definition 2.6. Let / : P^ -»■ P^ be a non-constant rational map over I\. 

(1) We say that a point p in P^ is a periodic point of / with period q if 

f q (p) = p . 

(2) We say that a periodic point p in K with period q is repelling if 

I(/ 9 )'(P)I> I- 

Lemma 2.7. Let f : V l K —> P^ be a non-constant rational map over K. Then 
we have the followings: 
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(1) Every repelling periodic point is contained in the Julia set Jf of f. 

(2) The Julia set J of f is contained in the topological closure of the set of 
periodic points of f. 

Proof of Lemma 12. 7L See |Silv071 Proposition 5.20] and [HsOO , Theorem 
3.1] or ISilvOfl Theorem 5.37] for the proofs. □ 

It is important to find zeros of a given rational map because a backward invari¬ 
ant subset of a given rational map will be considered in Section 3. The existence 
and locus of zeros can be calculated by the following lemma. 

Lemma 2.8. Let f ■■Pk^Pk be a non-constant rational map over K, a be 
an element in I\ with /(a) ^ oo, and r be a positive real number. Suppose that for 
any z in B a>r , we have 

f(z) = ao + ai ■ (z - a) + a 2 • (z - a ) 2 H- 

where {ak}kLg is a sequence in I\. Setting a natural number l by 

max{m £ {0,1, • • • } | Vn £ {0,1, ■ • • }, |a m | • r m > |a„| • r n }, 

we have exactly l elements {a B }j , =1 in B ar , counted with multiplicity, such that 
for any n in { 1 , 2 , • • • ,1}, we have 

f(a n ) = 0. 

In particular, if the natural number l is equal to 0, the rational map f has no zeros 
in B a r . 

Proof of Lemma 12.81 See [Silv07l Theorem 5.11] for the proof. □ 

As an immediate consequence of Lemma 12.81 the following corollary, which 
implies that the image of a pole-free closed ball under a given rational map is also 
a closed ball, can be obtained. 

COROLLARY 2.9. Let / : P^- -A be a non-constant rational map over K, a 
be an element in K with /(a) oo, and r be a positive real number. Suppose that 
for any 2 in B atT , we have 

f(z) = ao + a\ ■ (z — a) + a 2 ■ (z — a ) 2 + • • ■ 

where {afe}fcL 0 * s a sequence in K. Setting a natural number l by 

max{m £ N | Vn G N, |a m | • r m > |a„| • r 71 }, 

we have 

Bf{a),\ai\-r l • 

Proof of Corollary 12.91 See ISilv07 . Proposition 5.16] for the proof. □ 

Let us close this section by proving the existence of one of the most important 
constant in this paper. We remark that the constant will appear quite frequently 
in this paper. 

PROPOSITION 2.10. The following non-zero constant exists: 

minllfcl 1 /^-!) | k £ {2,3, ■■■}}. 
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Proof of Proposition 12. 101 Assume that the constant 
p := min{Z G N | |/| < 1} 

exists. Then, it follows from the multiplicativity of the norm | • | and the minimality 
of p that p must be a prime number. Moreover, if a natural number m is co-prime 
to p, then we have 

\ m \ = 1. 

Hence, we have 

min{\k\ 1 ^ k ~ 1 '> | k G {2,3, - • • }} = min{|p|"/< I ’ B - 1 > | n G N} 

= \p\ l ' {p ~ l \ 

□ 

We remark that the constant is always zero if the characteristic of K is non-zero. 

3. Key Lemmas 

In this section, we will introduce notation such as the set of rational maps 
preserving a given subset and the sequence of subsets generated by a given subset 
and a given rational map, which will be used in Section 4. 

Let us begin with the definition of the set of rational maps preserving a subset. 

Definition 3.1. Let 12 be a subset of K. A be a real number which is greater 
than 1, and d be a natural number. Then the set M\ ,n of rational maps of degree 
d preserving 12 is defined by 

{g G K d | Vz G 12, \g'{z)\ > A,g -1 ({z}) C 12} 
where TZ d is the set of rational maps over K of degree d. 

The following lemma is essential for the construction of a topological conjugacy 
between the Julia sets of two rational maps when those two rational maps are close 
enough. 

Lemma 3.2. Let A/a, n be the set of rational maps of degree d preserving a subset 
12 and f be an element in A/yn- Let us assume the conditions as follows: 

(1) The rational map f has no critical values and poles in 12. 

(2) There exists a 5 > 0 such that for any z in fl, we have 

b z ,s c n. 

Then, for any z in 12, any k in {1, 2, • • • , d}, and any non-negative real number r 
which is less than or equal to p, the restriction map 

f\B Zk ,r/\p(z k )\ —*■ B Ztr 

is homeomorphic and we have 

d 

f-\B Zt r) = |J B Zktr /\ f , {zk) \ 

k =1 

where 

/ _1 (-) = {zi,z 2 ,--- ,z d } 

and 

p := min{|Z| 1 ' / ^ J— | l £ {2, 3, •••}}• <5 > 0. 
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Note that the existence of jj, follows from Proposition 12.101 


Proof of Lemma 13.21 Since / has no poles in B Zkt g, there exists a sequence 
{ a m}m =o i n K such that for any w in B Zk j, we have 

f(w) = f(z k ) + ai ■ {w - z k ) + a- 2 ■ (w - z k ) 2 H- 

and 

f'(w) = ai + 2 • a 2 • {w - z k ) + 3 • a 3 • {w - z k ) 2 H-. 

Moreover, since f has no zeros in B Zk j, we have 

|ai| > |n| • \a n \ ■ (5 n_1 


for any n in {2,3, • • • } by Lemma |2.81 Thus, for any n in {2, 3, • • • }, we have 






\ 1 


\f(z k )\J 


This implies that 


Kl 


l/' 0 fc)| 


= |Ul| 


> \CLr\ 


^ \Or 


\f'(Zk)\ H 


\f'(zk)\J M 


\f'(zk)\J VM 


- = \a r , 


\f'(zk)\ 


for any n in {2,3, ■ • •} and any non-negative real number r which is less than or 
equal to fj,. It follows from Proposition 12.31 Lemma \2 .81 and Corollary 12.91 that for 
any non-negative real number r which is less than or equal to fj ,, the restriction map 


f\ B z k ,r/\f(z k )\ -t B Zir 

is homeomorphic. On the other hand, it is easy to see that for any l ^ k in 
{ 1 , 2 , • • • , d}, we have 


B z k ,r/\f(z k )\ O B zur/ \f, {zi) \ = 0. 


□ 


Before constructing the topological conjugacy between the Julia set of two close 
enough rational maps, we first introduce a decreasing sequence of subsets. 

Definition 3.3. Let A/a, si be the set of rational maps of degree d preserving 
a subset f 1 and / be an element in Af\,n- Then the sequence °f subsets 

generated by Q and f is defined as follows: 

(1) The k-th term is defined by 

r k m- 

(2) The limit term kloo j is defined by 

OO 

^kj- 

k —0 

The following lemma shows basic properties of the sequence. 
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Lemma 3.4. LetJ\f\,n be the set of rational maps of degree d preserving a subset 
f l, f be an element inN\,n, and {^fc,/}/?Lo the sequence of subsets generated by 
Q and f. Then we have 

,/ ci • • • cz ,y ci c ••• c f h ,f a Lioj. 

Moreover, the limit term Qooj is completely invariant under f. 

PROOF OF Lemma 13.41 It is trivial from Definition 13.31 □ 


Now we prepare a lemma for the construction of a topological conjugacy. 

Lemma 3.5. Let A/yn be the set of rational maps of degree d preserving a subset 
Q and f and g be elements in A/yn- Let us assume the conditions as follows: 

(1) The rational map f has no critical values and poles in Q. 

(2) There exists a S > 0 such that for any z in Q, we have 

b Z}S c n. 

(3) For any z in LI, we have 

\f( z ) — g{z)\ < p 

where 

p := mindfcl 1 /^ -1 ) | k G {2,3, • ■ • }} ■ 5 > 0. 

Then, there exists a sequence {hi : Ctij —> of homeomorphisms such that 

for any l in {0, 1 , • • •}, any z in Lli+ij, and any w in C 2 ; + i i9) we have 

hi o f(z) = go hi +1 (z), 

\hi+i(z) - hi(z )| < p 

and 

\ h T+i(w) ~ h r l (w)\ < 

where is the sequence of subsets generated by Q and f and * s 

the sequence of subsets generated by Q and g. 

Proof of Lemma [3751 Setting 

ho ■ ,/ ^ ^ 0 ,g 

Z I —i Z, 

we have a homeomorphism between LIqj and flo.g since LIqj is equal to Do, s . Next 
we construct a continuous and open map hi : Llij —>• as follows: For any z in 

Cli j, there exists a unique w in K such that 

w e g^Hhoo f{ z )}) 

and 

w e B z,n/\g'(z)\- 

Thus we can set 


hi : Lli f —y Hi g 

z i— w. 


Then for any z in Llij, we have 

ho ° f{z) = go hi{z) 
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and 

\hi{z) - ho(z)\ < J 

and the map hi : is continuous and open by Lemma [3.21 Repeating 

this process, we can construct a sequence {hi : f lij Qp g }fl 0 of continuous and 
open maps such that for any l in {0,1, ■ • ■ } and any z in Qi+ij, we have 

hi o f(z) = go h t+1 (z) 


and 

\hi+i{z) - h t (z )| < 

Similarly, we can also construct a sequence {hi : of continuous and 

open maps such that for any l in {0,1, ■ • ■ } and any w in we have 

/ o hi +1 (w) = hi o g{w) 


and 

\hi+i{w) - hi(w )| < yi- 

Moreover, it is clear that for any l in {0,1, ■ • •}, any z in fi/,/, and any w in 
f lp g , we have 


hi o hi(w ) = w 


and 


hi o hi{z) = z. 

This implies that the map hi : flij —> f l^ g is homeomorphic and hi : Qp g —>• flij is 
the inverse map for any l in {0, □ 


Lemma 3.6. Let A/yn he the set of rational maps of degree d preserving a closed 
subset Q and f and g be elements in A/yn- Suppose that there exists a sequence 
{hk '■ Llkj —>• f^fc,g}fcLo °f homeomorphisms such that for any k in N and any z in 
Llk+ij, we have 

hk o f{z) = go h k+ i(z), 

\hk+i{z ) - h k (z )| < 

and 

\h~ k li{z)-h- k \z)\<^ 

for some p, > 0. Then, there exists a homeomorphism hoc : Llocj —> Lloc, g such that 
for any z in fioo,/> we have 

hoo o f(z) = go hoctz). 

Proof of Lemma 13.61 Since Sloo j is complete, a topological space 
{<fi : tlooj ,g | <t> ■ continuous with respect to p} 

is also complete with respect to a metric 

sup{p(0i(.z),02(z)) I ^ G fioo,/}. 

Moreover, it is clear that the sequence {h k : Ll k j of homeomorphisms 

is Cauchy so there exists a homeomorphism hoc ■ ooj —t ^oo,g such that 

lim sup {p(hoo(z),hk(z)) \ z G Llooj} = 0. 

k —^oo 
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Furthermore, since any rational map over K is continuous, we have 
hoo 0 /(-) = Ihn h m o f(z) 

m—y oo 

= lim goh m+ i(z) 

m—^oo 

= g o lim h m+1 (z) = goh^z). 

m—> oo 

for any z in flooj- □ 

Next let us consider a few basic properties of the topology of the set of rational 
maps. 


Lemma 3.7. Let Cl be a closed subset in K and f be an element in the set IZd 
of rational maps of degree d. Let us assume the conditions as follows: 

(1) The rational map f has no critical values and poles in Cl. 

(2) There exists a 5 > 0 such that for any z in Cl, we have 

B Z}S C Cl. 

(3) There exists an g > 0 such that 

n c Bo,??. 

Then for any r > 0 and s > 0, there exists a neighborhood U of f in IZd such that 
for any rational map g in U and any z in Cl, we have 

\f(z)~g(z)\ < r 

and 

\f\z)-g'{z)\ < s. 

In particular, any rational map g in U has no poles in Cl. 


Proof of Lemma [3771 The rational map / can be written as 

h(z) 


m = 


h{z) 


where /i and f -2 are polynomial maps over I\ with no common factors. We shall 
denote the maximal value of a polynomial map /; and f{ in Bq^ v by Mi and Mj for 
each l in {1, 2}, respectively. That is, for each l in {1, 2}, we set 

Mi := max{|/ z (z)| | 2 G B 0 , v } 

and 

M[ := max{|//0)| | 2 G B^ v }. 

It is easy to check that these constants Mi and Mj exists for any l in {1,2} even 
if B 0 v is non-compact, see ISilv071 Theorem 5.13] for more details. Similarly, we 
shall also denote the minimal value of a polynomial map ^(2) in Cl by m 2 , that is, 

m 2 := min{|/ 2 ( 2 )| 2 G fl}. 

It is also easy to check that this constant m 2 is also exists since / 2 has no zero in 
Cl. 

For each i and j in {0,1, • • ■ , d}, we first set the constants 

^ := M 2 • if > ° 


:= min{ 


to 2 


77J Mf ■ 


■ Mi} > 0 


and 
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Then for any rational map g = gi/g 2 in TZd with 

d 



gi(z) = fi(z) + ^2ei ■ z 1 


2=0 

and 

d 


52(2) = h{z) + ^2,Kj ■ z 3 


3=0 

where 

l e i| < 

and 

M < Cj 


for each i and j in {0,1, • • • , d}, it is easy to check that 

l/<2> - 9(2)1 =-EM • EM- < r 

for any z in Q. 

Next, for each i and j in {0,1, • • • ,d}, we set the constants 


f- := mini— -r,- t—-} > 0 


and 


H . r m 2 s s 

Ca := mini —■ 


' ,J 1 rf ' M [, ’ Mi ■ if 1 ’ M 2 ■ if 

Then for any rational map g = gi/g 2 in IZd with 


ma,x{M-[ • M 2 , Mi ■ M ! 2 }} > 0 


9i(z) = ffz) + '^2,e i -z l 


2=0 


gz{z) = h(z) + J2 


Kj ■ Z J 


3=0 


and 

where 
and 

I Nil < (j 

for each i and j in {0,1, • • • , d}, it is also easy to check that 

1 1 


hi < £ 


Wi{z) ■ g 2 {z) - gi{z) ■ g’ 2 (z)\ 


(<72 (zW (/ 2 (h ) 2 


< s 


and 


1 


\g[(z) ■ g 2 {z) - gi(z) ■ g 2 {z) - f[(z) ■ f 2 (z) + fi(z) ■ f 2 (z)\ < s, 


I/ 2 WI 2 

thus we have 

\f(z) - g'(z)\ < s 

for any z in Cl. 

Therefore, by choosing a small enough neighborhood of / in 7 Zd, we complete 
our proof. □ 
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Now we can show the set of rational maps preserving a given subset is open in 
the set of rational maps if the subset is bounded and closed. 

Lemma 3.8. Let n be the set of rational maps of degree d preserving a closed 
subset Cl and f be an element in Af\,n- Let us assume the conditions as follows: 

(1) The rational map f has no critical values and poles in Cl. 

(2) There exists a S > 0 such that for any z in Cl, we have 

B z ,8 C Cl. 

(3) There exists an rj > 0 such that 

n c 

Then there exists a neighborhood U of f in TZd such that for any rational map g in 
U and any z in f2, we have 

\f( z ) — g( z )\ < h 

and 

g € 

where 

H := maxdfcl 1 /^ -11 | k € {2,3, • ■ • }} • S > 0. 

Proof of Lemma 13.81 By Lemma [3~71 we can choose a neighborhood V of / 
in IZd such that for any g in V and any z in Cl, we have 

\f(z)-g(z)\ < H 

and 

\f'{z) — g'(z)\ < A. 

We first then have 

W(z)\ = \g\z) - f\z) + f(z)\ = max{| g\z) - f(z) \, \f'(z)\} = \f'(z)\ 
for any z in Cl. In particular, this implies that for any 2 in Cl, we have 

1^)1 > A. 

Next, let us choose a w in Cl. Then there exists a subset { 21 , 22 , • • • , Zd} in Cl 
such that for any k in {1, 2, • • • , d}, we have 

f(Zk) = w. 

Let us fix a k in {1, 2, ■ ■ • , d}. Since / has no poles in B Zk ,s, so does g by Lemma 
IQ Thus there exists a sequence {a;};“ 0 in I\ such that for any 2 in B Zk s , we have 

g(z) - w = g(z k ) - f{zk) + ai • (2 - z k ) + a 2 • (2 - z k ) 2 H- 

and 

g\z) = ai + 2 ■ o 2 • (2 - z k ) H-. 

Since 

\g\z)\ > A > 0 

for any 2 in Cl, the first derivative g 1 of the rational map g has no zeros in B Zki g- It 
follows from Lemma f2.81 that for any l in {2, 3, • • • }, we have 
M ^ , m cl -1 h 


«i 


\f'(zk)\ 


> O! 


>\ai\- g 


■ 5‘ 


!-l 


\f'{Zk)\ 


\f(Zk)\ 


> |a/| • 


\f'(zk)\ 
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On the other hand, we have 

Thus it follows from Lemma 12.81 that the restriction map 


9\B Zlc ,ij./\f'(z k )\ -> B w ^ 

is bijective so there exists a unique w k in such that 

g(w k ) = z k 


Therefore we conclude 


g HM) c li. 

a 


Let us close this section with a discussion on repelling periodic points. 

Lemma 3.9. Let A/yn be the set of rational maps of degree d preserving a subset 
LI and f be an element in A/yo- Let us assume the conditions as follows: 

(1) The Julia set Jf of f is non-empty. 

(2) The Julia set Jf of f is contained in LI. 

(3) There exists a 8 > 0 such that for any z in LI, we have 

B Z) s C LI. 

Then there exists a repelling periodic point of f in LI f. 

Proof of Lemma 13.91 By Lemma f?T71 we have 

Jf C {p e K \ 3q € N, /9(p) = p}. 

Thus for any 2 in Jf , there exists a p in B Zt s and a q in N such that 

f q {p) =P- 


Since 

f-\Li)cn 

and 

f k (f q ~ k (p))=f q (p)=P, 

we have 

f q ~ k (p) e r k ({p}) c li 

for any k in {1, 2, • • • , q — 1}. Thus we have 


l/'MI>A 

for any w in { p , f(p), • • • , f q ~ 1 {p)}- Moreover, this implies that 

k/ 9 )»i = ■ \nm)\ . i/'(/ 9 - 1 (p))i > 1 . 


Therefore the periodic point p is repelling. 


□ 
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4. Proof of Theorem 11.21 

In this section, we will prove Theorem II.21 


Proof of Theorem 11.21 Let A be a real number such that 

l/'(~)l > A 

for any z in Jf and C/ be the set of the critical points, the critical values, and the 
poles of / in K. 

Choosing a <5 > 0 satisfying 

U B z>s nj f = 0, 

zeCf 

we have 

|^J B Zi s l~l Cf = 0. 

ze Jf 

Let us first shows the following lemma. 


Lemma 4.1. Setting 

n := (J B z 

Z&Jf 

where 

fi := min-dfcl 1 ^- 1 ) | k e {2, 3, • • • }} • S > 0, 

we have the followings: 

(1) The subset 12 is bounded and closed. 

(2) For any z £ 12, 

(3) For any z £ 12, 

r\{z}) ci2. 

Proof of Lemma 14.11 Since Jf is bounded, it is clear that f X is bounded. It 
follows from the construction that 12 is also closed because | -1 is non-Archimedean. 
For any z in 12, there exists a w in Jf such that 

z £ B w 

Since B W:)1 has no critical points of /, it follows from Proposition 12.31 that 

\f\z)\ = \f'H\>x. 

Moreover, by Proposition 12.51 there exists a subset {wi, W 2 , ■ ■ • , w<j} of Jf such 
that for any l in {1, 2, • • • , d}, we have 

f(wi) = w. 

It follows from Lemma [3.21 that for any distinct l and m in {1,2,-, d}, the re¬ 
striction map 

f\Bwi,fi/\f{wi)\ B w/Ji 

is homeomorphic and 
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This implies that 


d 

f ({~}) U ^ w n’l M /\f l ( w n)\ 

n =1 


□ 


Now let us consider the set A/yn of rational maps of degree d preserving the 
subset f2. It follows from Lemma 14.11 that contains / so A/yn is non-empty. 
By Lemma ETT1 we have the sequence {Sl m j}^ =0 of subsets generated by Cl and / 
such that for any to in {0,1, • • • }, we have 


,/ c ••• c fim-t-i,/ a ,/ c ••• c ciia ci 0J . 

Since for any to. in {0, !,••■} 


Jf Cl Cl m f, 


we have 


Jf Cl floo,/ ■ 

In particular, the Julia set Jf of / is non-empty so is the limit term Cl ^,/■ 

Lemma 4.2. Let g be an element in A/yn- Suppose that for any z in Cl, we 
have 

\f(z)-g{z)\ < \x. 


Then we have the followings: 

(1) The Julia set J g of g is non-empty. 

(2) There exists a homeomorphism h : J / J g such that for any z in Jf, 

ho f(z) = goh(z). 


Proof of Lemma 14.21 By Lemma T3. 5 1 and Lemma T3.61 there exists a home¬ 
omorphism hao : Cloo.f —> such that for any z in Cl^j, we have 

hoc o f(z) = go hoo(z). 

In particular, since IIoo,/ is non-empty, so is floo,#- On the other hand, by Lemma 
13.91 there exists a repelling periodic point p of / in the Julia set Jf of / with period 
q. Since g is in A/yn and 

g q (h 00 (p)) = hoaip), 

we have 

l(sWoo(p))l>l. 

Thus the Julia set J g of g is non-empty by Lemma 12.71 Furthermore, it follows 
from Proposition 12.51 that 


hM) = h 00 ({J(P)- l ({p})) 

1=0 

oo 

= U h oo(u q r l ({p})) 

1=0 

oo 

= U(s 9 )- ; ({Mp)}) = Jg- 
1=0 
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Thus the restriction map 


h: Jf J g , 
z i y hoc ( z ), 

is well-defined and homeomorphic such that 

h o f{z) = go h(z) 

for any z in Jf. □ 

Let us conclude that / is J-stable in IZd by the following lemma. 

Lemma 4.3. There exists a neighborhood U of f such that for any g in U, there 
exists a homeomorphism h : J / —» J g such that for any z in Jf, we have 

ho /(z) = goh(z). 

PROOF OF Lemma 14.31 By Lemma l3~8l there exists a neighborhood U of / in 
IZd such that for any g in U and z in Q, we have 

g € A/yn 

and 

\f{z)-g{z)\ < p 

where 

p = mindfcl 1 /^ -1 ! | k € {2, 3, ■ • ■ }} • S > 0. 

Therefore by Lemma 14.21 the Julia set J g of g is non-empty and there exists a 
homeomorphism h : Jf —> J g such that for any z in Jf. we have 

ho f{z) = goh(z). 


□ 


By Lemma 14.31 the immediately expanding rational map / of degree d is J- 
stable in the set IZd of rational maps of degree d. □ 
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